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TORUS COBORDISM OF LENS SPACES 



SOUMEN SARKAR AND DONG YOUP SUH 



Abstract. Let T" be the real n-torus group. We show that any 3-dimensional lens space 
L{p; q) is T^-equivariantly cobordant to zero. We also give some sufficient conditions for 

C^ ■ higher dimensional lens spaces L{p;qi, . . . ,q„) to be r"^^-equivariantly cobordant to 

JT^ I zero using toric topological arguments. 

(N 

^: 

■^ • 1. Introduction 

'^ ' Cobordism was first introduced by Lev Pontryagin in his geometric works on manifolds, 

|Pon47j ■ In early 1950's Rene Thom jTlio54] showed that cobordism groups could be 
computed through homotopy theory using the Thom construction, and now we know the 
oriented, non-oriented and complex cobordism rings completely. On the other hand, even 
though there have been a lot of developments, the equivariant cobordism rings are not 

,J^ I determined for any nontrivial groups. Part of the reason is that the Thom transversality 

C^ ' theorem does not hold in equivariant category, and hence the equivariant cobordism can 

not be reduced to homotopy theory. 

In this article we study equivariant cobordism of lens spaces. In particular, Theorem l4.12l 
gives a sufficient condition for a (2n + l)-dimensional lens space L{p;qi, . . . ,qn) to be 
^ i r""^^-equivariant boundary, where T""*"^ is the rank n + 1 real torus group. In particular, 

^O ' Corollary 14.131 shows that if any two integers oi p,qi . . . ,qn are relatively prime, then 

L{p;qi, ... ,qn) is a T"+^-equivariant boundary, whose nonequivariant version for n = 1 is 
well-known. 

The main tool to get such results is the theory of quasitoric manifolds, which was 

(^ , introduced by Davis and Januskiewicz in |DJ91j . A quasitoric manifold is a closed 2n- 

cn I dimensional manifold M with a locally standard T" action whose orbit space has the 

structure of an n-dimensional simple convex polytope P. Each codimension one face F of 
P, called a facet, corresponds to codimension two submanifolds fixed by a circle subgroup 

K> ' Sp of T" , and such information is recorded as a characteristic function 

C^ : A:-F(P)^Z" 

defined up to sign. Here J^{P) denotes the set of facets of P. This characteristic function 
must satisfy the following nonsingularity condition. 

Nonsingularity Condition 1.1. If the intersection Fi f] ■ ■ ■ Fi of £ facets of P is an 
(n — £)-dimensional facet of P, then the integral vectors A(Fi), . . . X{F£) form a part of 
basis of Z" for all ^ = 1, . . . , n 

Conversely, for a given n-dimensional simple polytope P and a function A : J-{P) — )• Z" 
satisfying the above nonsingularity condition, a quasitoric manifold M{P, A) with P as its 
orbit space and A as its characteristic function can be constructed. Indeed, the quotient 
space 

(LI) M(P, A) = T" X P/ ~, 
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2 S. SARKAR AND D. Y. SUH 

where ~ is the equivalence relation defined by 

(tiP) ^ {s,q) <^p = q and ts~ G Tp- 

Here, F is the unique face of P containing x in its relative interior, and if F is the 
intersection Fi n • • • n F^ of ^ facets, then Tp is the torus subgroup corresponding to the 
subgroup of Z" generated by the vectors A(Fi), . . . , X{F(). 

In Sectioi^H we modify the definition of characteristic function to a hyper characteristic 
function 

defined on the set of facets of the n-simplex A". Note that the rank of the target group 
is n + 1, instead of n. Then, by similar construction to (jl.ip . we can construct a (2n + 1)- 
dimensional T"''~^-manifold 

L(A",0 = r"+i X A"/- 

which is called a generalized lens space. 

Let p > 0, gi, . . . , (7n be integers such that p and qi are relatively prime for i = 1, . . . , n. 
Let fo, ■ ■ ■ , fn be the facets of A", and consider a hyper characteristic function ^ defined 
by 



e(/o) 


= {-qi,--- ,-qn,p), and 


m) 


= Cj, fori = 1, . . . ,n, 



where ej is the standard ith basis vector of Z"'^^. Then the generalized lens space L(A"', ^) 
is exactly the usual (2n + l)-dimensional lens space L{p; qi, . . . , g„), which gives an alterna- 
tive construction of a (2n-|- l)-dimensional lens space using the technique of toric topology. 
Let L{p] gi, . . . , g„) = L(A"', ^) be a (2n-|-l)-dimensional lens space for a hyper charac- 
teristic function ^ defined as above. Now consider the (n -|- l)-simplex A"+^, and regard 
A" as a facet of it. We would like to extend ^ to a rational characteristic function 

1]: (A"+^) ^Z"+\ 

i.e., rj satisfy the nonsingularity condition for ^ = l,...,n — Iso that 

^(-^o) =C(/o) = (-9i,---,-gn,p), and 
v{Fi) =afi) = ei, fori = l,...,n, 

where Fj is the facet containing fi and not equal to A". Then the space M = T"+^ x 
A""*"^/ ~ constructed similarly to (jl.ip is, in general, an orbifold with singularities occur- 
ring at the points corresponding to the vertices of A'"+^. 

Now consider the vertex-cut Ay"^ of A""''^, i.e., cutting off a small disjoint (n + 1)- 
simplex-shaped neighborhoods from each vertex of A"+^. Then 

W := 7r-^(A^+^) = r"+^ X A;)+V ~ C M 

is a (2n-|-2)-dimensional manifold with boundary, which consists of {2n+l) dimensional lens 
spaces, and in particular one of the boundary components is the lens space L{p;qi, . . . , g„). 
Here vr : T"+^ x A^^^/ ~ -^ A"'^^ is the map induced from the projection. If the numbers 
p,qi, . . . ,qn satisfy certain number theoretical condition, then we can continue the similar 
procedure to the other boundary components to show that they are equivariant boundaries, 
and hence the lens space L{p;qi, . . . ,qn) is an equivariant boundary. This is how we get 
the main result of this article. 
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2. Some quotient spaces of odd dimensional spheres and lens spaces 

1,... ,n. 



, Qn) is the orbit space «S'^""'"^/Zp where Zp 



Let p > 0,qi, . . . ,qnhe integers such that p and qi are relatively prime for all i 
The (2n + 1)- dimensional lens space L{p; qi. 
action on 5'2'^+i ig defined by 



'1/p 



Zl,... 



^2kqnTT\ 



-1/p 2fc7rv 



'1/p 



^n+lj 



where 52"+i = {(zi, . . . , 2„+i) G C^+i | l^ip + • • • + |z„+i|2 = 1}. 

There is an alternative description of a 3-dimensional lens space L{p; q) as the result of 
gluing two solid tori via an appropriate homeomophism of their boundaries, see |OR70j . 
Moreover it is shown in ( |Bro60j ) that L{p;q) is homeomorphic to L{p;r) if and only if 
r = zizq (mod p) or qr = ±1 (mod p). In this section we give another description of 
(2n + l)-dimensional lens space L(p; qi, . . . , g„), and find some sufficient condition for two 
(2n + l)-dimensional lens spaces to be diffeomorphic using toric topologial techniques. 

Let A" = VqVi- ■ -Vn be an n-dimensional simplex with vertices Vq, . . . ,Vn- Let Fi be 
the facet of A" which does not contain Vi, and let J^(A'") donate the set {Fq, . . . ,Fn} of 
facets of A". 

Definition 2.1. A function ^ : J-'(A") -^ Z""*"^ is called a hyper characteristic func- 
tion of A" if whenver Fj^ n Fi^ n . . . fl F,^ is nonempty, the submodule generated by 
{?(-^ii)) ■ ■ ■ ) C(-^j^)} is a direct summand of Z""*"^ of rank i. For notational convenience, let 
us denote C(i*i) by ^j for z = 0, . . . , n. 

Example 2.2. Some hyper characteristic functions for triangles are given in Figure [H It 
is easy to show that the submodules generated by {(0,2, 3), (4, 1,0)}, {(4, 1,0), (3, 2,4)} 
and {(3,2,4), (0,2,3)} are direct summands of Z^. We can check that the function given 
in Figured] (6) is a hyper characteristic function if and only if p is relatively prime to each 
gi and q2- 



(0,2,3) 




(3,2,4) 



(0,1,0) 



12, P) 




Figure 1. Some hyper characteristic functions of triangle. 



Of course a hyper characteristic function can be defined for more general simple convex 
polytope -P, but we only consider the simplex case here. 

Let F be a face of A" of codimension i. Then F is the intersection of a unique collection 
of i facets Fi^^Fi^, . . . , Fi^ of A"'. Let Tp be the torus subgroup of T""*"^ corresponding to 
the submodule generated by CinCi2J ■ ■ ■ ^de of Z"+^. We define an equivalence relation ~ 
on the product T"~^^ x A" as follows. 



(2.1) 



(t, x) ~ (n, y) if and only if x = y and tu € Tp 



where F C A"' is the unique face containing x in its relative interior. We denote the quo- 
tient space (r"+i X A")/ ~ by F(A", ^). Let Z(A", ^ C Z"+i be the submodule generated 
by ?o, . . . ,^n, and let Z5(A") := Z"+V^(A",0- Note that the rank of Z(A'",^) = n or 
n + 1, since .^ is a hyper characteristic function. 
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Proposition 2.3. The quotient space L(A,^) is a {2n + 1)- dimensional topological mani- 
fold with the natural effective action of T^~^^ induced from the group operation on the first 
factor ofT'^'^^ x A". Furthermore, 

(1) if the rank o/Z(A",^) is n then L(A"',^) is homeomorphic to S^ x CP", and 

(2) if the rank o/Z(A",^) is n+1 then L(A",^) is homeomorphic to S'^"+^/Zg(A"'). 
In particular, if {S,o, . . . , ^n} form a basis for Z""^^ then L(A"', ^) is homeomorphic 
toS^^'+K 

In the case when rank of Z(A",^) is n + 1, we cah the space L(A",^) a general- 
ized lens space corresponding to the hyper characteristic function ^ of A". We caU (A",^) 
a combinatorial model for the generahzed lens space. 

Proof. Let Ui = A^ — Fi for i = 0, 1, . . . , n. Then Ui is diffeoniorphic to 

M^g = {{xi,...,Xn) GM" I Xi >Ofori = l,...n}. 

Let f^:Ui^ M>Q be a diffeomorphism. Let Sl be the circle subgroup of T"'^^ determined 

by the vector ,^j for i = 0, . . . , n. So r"+^ = S^?^ x S'i x . . . x 5l . x . . . x S} for some 
circle subgroup Sj determined by some primitive vector Vi G Z"""*"^, where ^ represents the 
omission of the circle Sl,. Let {ei, ...,6^+1} be the standard basis of Z"+^ over Z. Consider 
the diffeomorphism (7* : T"''"^ ^> j^n+i dggned by g^{vi) = ej+i and 5*(Cj) = Cj+i for j 7^ i. 

50 the diffeomorphism g"^ x f^ : T""*"^ x Ui ^ rpn+i ^ j^n^ induces an weakly-equivariant 

homeomorphism from (r"+^ x C/i)/ ~ to (T"+i x M^q)/ ~e= S,\^^ x ((5e\ x . . . x S^^ x 
... X 5g^ J/ ~e) = Sl X R^"' where ~e is the relation ~ of Lemma 1.6 in |DJ91] . Hence 
L{A,^) is covered by the (2n + l)-dimensional open sets (T'^~^^ x Ui)/ ~. 

Suppose the rank of Z(A"',,^) is n. Since ^ is a hyper characteristic function, the 
submodule generated by {^q, . . . ,^n-i} is a direct summand of rank n. Then the vector 
^n is contained in the subgroup < ^q, . . . ,^n-i > and there exists v € Z'"+^ such that 
{Co) • • • j^n-i,v} is a basis of Z"^^. So by considering some automorphism on Z""^^, if 
necessary, we may regard .^ as a characteristic function of A" in the sense of |DJ91j . Let S^ 
be the circle subgroup of r"+^ determined by v. So (r"+^ x A")/ ~ ^ S"^ x {Tv„ x A")/ ~ ^ 

51 X CP". 

Assume the rank of Z(A", ^) is n + 1. Let {ei, ..., e„+i} be the standard basis of Z""*"^ 
over Z. Define ^^{Fi) = ej+i = ^| called the standard hyper characteristic function of 
A". Consider the standard action of T"+i on C"+^. The orbit map tt^ : C"+^ -^ M"",^^ 
of this action is given by (zi, . . . , z„+i) -^ {\zi\, ... , \zn+i\). Let H = {{xi, . . . ,Xn+i) € 
M""^ : xi + • • • + Xn+i = 1}. Then H is diffeomorphic as manifold with corners to 
A". Facets of H are Hi = {{xi, . . . ,Xn+i) ^ H : Xi = 0} for i = 1, . . . ,n + 1. The 
isotropy subgroup of nJ^^Hi) is the ith circle subgroup of T""*"^. So we get a hyper 
characteristic function on H which is nothing but the standard one. Hence it is clear that 
5-2"+! = TTJ^{H) ^ (r"+i X H)/ '^s= (r"+i X A")/ ~,= L(A",^^), where ~^ is the 
equivalence relation ~ defined in (j2.ip corresponding to the standard hyper characteristic 
function S^'^. Consider the map (3 : Z^^^ — > Z"+^ defined by /3(ej = 4^-i) — ?«-i ^^^ 
i = 1, ...,n + 1. Let Z^+^ = Z"+i «)z M. Since the rank of Z(A",C) is n + 1, the map /3 
induces a surjective homomorphism 

defined by u+Im(/3) -^ u +Z"+-'^.The kernel of /3 is Z"+^/Im(/3) = Zg(A"'), a finite subgroup 
of r"+^ From the definition of -« and ~ it is clear that ^5 x id : T"+i x A" -^ T"+i x A" 
induces a surjective map 

ff,:S^^+'^L{A^,0 
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defined by fp{[t, xj^") = [/3(t), a;]~ on the equivalence classes. The finite group Zg(A"') has 
a natural free and smooth action on T""*"^ induced by the group operation. This induces 
a smooth action of Zg(A") on S'^""'"^. Since /3 is a covering homoniophisni with the finite 
covering group Zg(A"), L(A",^) is homeomorphic to the quotient space S'^"~^"'^/Z^(A"'). 
D 

Remark 2.4. If {^Oi • • • ,Cn} is a basis of Z"+^ over Z then the manifold L(A",^) is the 
sphere 5'^"'^^, the moment angle manifold of A", where the natural action of 7^"+^ may 
differ from the standard action on 5^""^^ by an automorphism of T""^^. 

We now consider generalized lens spaces with a particular type of hyper characteristic 
functions. Let p > 0,qi, ...,qn be integers such that p is relatively prime to each qi for 
i = l,...,n. Define a function ^ : J^(A") — )• Z"-"*"^ by ^(Fj) = ej for i = l,...,n and 
^(Fq) = (— Qi, — ^2, •■•5 —Qn,p)- So ^ is a hyper characteristic function of A". The rank of 
the submodule generated by {^{Fi) | i = 0, . . . ,n} is n + 1. In this case the surjective 
homomophism /3 : T""*"^ -^ rpn+i induced by ^ is given by, 

(2.2) (tl, . . . ,t„+l) ^ (tlC\, . . . ,tnCl,d). 

Then Z5(A") ^ {(t, . . . , t„+i) G T"+i | t:^l\ti = 1 for f = 1, . . . , n and t^^^ = 1}. Let u; be 
the p-th root of unity. So Zg(A") ^ {(tJ«S . . . , a;^",a;) G T'^+i} ^ Zp. The Z5(A'^)-action 
on S'^"''^^ induced by the group operation on r"-+i is nothing but the following: 

(a;5\...,a;5",a;) x {zi,Z2, . . . ,Zn+i) -^ {uj'''- zi, . . . ,uj''" Zn,ujZn+i) 

where (zi, . . . , Zn+i) € 5'^""'"^. Hence L(A",^) is a usual (2n + l)-dimensional lens space 
L{p;qi,...,qn). 

We now discuss some classification results of (2ri + l)-dimensional lens spaces. For an 
automorphism 6 on T"^^ and a combinatorial model (A", ^) of a generalized lens space L, 
the 5-translation of (A", ^) is the combinatorial model (A",(5(^)) where 5(^) : J^(A") — )• 
Z"^"*^ is the hyper characteristic fuction such that 5{5,){Fi) is the vector in Z"^"*^ up to 
sign determined by the circle subgroup 5{T}). Here T} is the circle subgroup of T"~^^ 
determined by the vector ^j. 

A diffeomorphism g : Li ^ L2 between two T""*^^ -manifolds Li and L2 is 6-equivariant 
(or weekly- equivariant ) for an automorphism (5 of T"^^ if </ satisfies (^(t • x) = S{t) ■ g{x) 
for all (t, x) S j'^+i X Li. The arguments of the proof of the following lemma is similar to 
classification of quasitoric manifolds, see the proof of Lemma 1.8 of |DJ91j . 

Lemma 2.5. Let Li and L2 be two lens spaces with combinatorial models (A",^^) and 
(A",^^) respectively. Then Li and L2 are 5-equivariantly diffeomorphic if and only if 
(A",^^) is a 6-translation ©/(A",^^). 

The following lemma gives a classification of lens spaces L{p;qi, . . . ,qn) upto diffeo- 
morphisms. From the integers gi, . . . , g„ we obtain the integers ri, . . . , r„ as follows. Let 
q := (— (?i, . . . , —qnY- Choose any B G SL{n,Z), and let a = (ai, . . . , a„)* := Bq. Then 
consider a vector a' = (a'^, . . . , a'^Y such that a' = a (mod p). Now let q' := {q[, . . . , q'^Y = 
—B~^3l, and choose r := (ri, . . . , r„)* to be r = q' (mod p). 

Lemma 2.6. Let p (> 0),qi, . . . ,qn be integers such that p is relatively prime to each 
qi. Let ri for i = l,...,n be the integers obtained as above. Then two lens spaces 
L{p; gi, . . . , qn) and L{p; ri, . . . , r„) are diffeomorphic. 

Proof. Let ^ be a hyper characteristic function of A" defined by ^0 = {—Qi, • • • 1 —Qn,p) 
and ^i = Cj for i = 1, . . . , n. So L(A", ^) = L{p; qi, . . . , qn). Let B = (bij) € SL{n, Z) and 
a = (ai, . . . , OnY = Bq. Consider the map 6 : 'E"'^^ — ?• 11^^^ represented by the matrix 

'B 0^ 
1 
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Then S induces an automorphism of T""^^, which is denoted by the same S. Consider the 
hyper characteristic function 6{^), defined by 6{^)i = 6{^i) for i = 0, ...,n. Then 6{^) 
induces a surjective homomorphism T""*"^ — )■ T""*"^, defined by 

/'+, + i- A ^ /'■f^ii j.bi„j.ai j.6„i j.b„„j.an j.P \ 

V-l) • • • ) f-n, ^n+lj ^ V''l '"a ''n+1' • • • ' "-l ''n ''n+1' ''n+1/- 

Let a' = (a'^, . . . , a^)* = a ( mod p). The kernel of this map is given by 

Z5(g)(A") ^ {(ti, . . . , t„, tn+i) € T'^+i I t?" ■ ■ ■ t^CVl = 1 for i = 1, . . . , n and t^+i = 1}. 
Considering the Lie algebra of Z^('^)(A"), we need to find (xi, . . . , x^+i) € Z such that 

(2.3) biixi H h bi^Xn + a[xn+i = and pxn+i = for i = 1, . . . , n. 

Namely, 

i3 : = - : xn+i- 

Then 

^a;i\ (a'^\ /q[\ 

Xn+l = '■ Xn+l- 

Vn) 

Soxi = q[xn+i, i.e., U = t'^^^. Let ri = q[ (modp). Hence Z5(g)(A") = {(a''S . . . ,a''",a) e 

The automorphism 6 induces a J-equivariant diffeomorphisms 6 : 5*^""^^ = -L(A",^'^) — t- 
L(A'^,5(C')) = 5^"+! and 5(0 : ^(A",^ -^ L(A",5(0), by Lemma [231 Here ^ is the 
standard hyper characteristic function defined in the proof of Proposition 12.31 Clearly, the 
following diagram is commutative where verticle arrows are orbit maps of the actions of 

Z5(A") and Z5(g)(A") on S^^+i. 



, Xr, 




(2.4) 



Q2n+1 ^ ^ g2n+l 



L(A",0 -^ L{A^,m)- 



Since ^^(A") acts freely on S^^+i, Zs(^)(A") acts freely on 52"+i. So L(A",(^(e)) = 
L(p; ri, . . . , r„). Hence L(p; gi, . . . , g„) is diffeomorphic to L{p; ri, . . . , r„). D 

Example 2.7. Consider the hyper characteristic functions of a triangle A^ given in Figure 
[21 The hyper characteristic function ^^ in (b) is the ^-translation of the hyper characteristic 
function ^^ in (a), where 6 is represented by 

?) ^^"^'" ^=(23 



So 



Then 



: ^ a ^ ^ e - 3 



a (mod 



So Z^i(A2) = {(t-^t-7,t) G T^ I tS = 1} and Z52(A2) = {(t^t^t) G T^ | t^ = 1}. Hence 
by Lemma [Ml the lens spaces L(A2,0) = L(8;-5,-7) and L(A2,^2) ^ L(8;l,3) are 
diffeomorphic. 
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(0,1,0) 




(5,3,0) 



50,31,8) 



(1,0,0) 



(a) 




Figure 2. Hyper characteristic functions ^^ and ^^ of a triangle A^. 



3. Manifolds with lens spaces boundary 

Let Q be an n-dimensional simple convex polytope in M"- with facets Fi, . . . , F^ and 
vertices Vi, . . . , V^. Let J-{Q) denote the set {Fi, . . . , Fm} of the facets of Q. 

Definition 3.1. A function rj : J-{Q) — )> 77^ is called a rational characteristic function if 
the set of vectors {r/(i<ij), . . . ,ry(Fj^)} form a part of a basis of Z" whenever the intersection 
of the facets {Fi^ , ..., Fi^ } is an (n — ^)-dimensional face of Q, where n — £ > 0. The vectors 
r]i := rj{Fi) for i = 1, . . . ,m are called rational characteristic vectors. 

Note that the definition of a rational characteristic function is same as that of a char- 
acteristic function of a quasitoric manifold in |DJ91j except when i = 0, i.e., when 
Fj^ n . . . n Fi^ is a vertex of the polytope Q. 

Example 3.2. Clearly the function given in the Figure [3] (a) is a rational characteristic 
function of a rectangle. We can check that the function given in Figure [3] (6) is a rational 
characteristic function of the tetrahedron if and only if any two integers of {qi, q2,p} are 
relatively prime. 

V3 (3,8) V, 



(1,6) 



(2,-9) 



(1,0,0) 



(1,0) 



(a) 



Vi 




(-<?i,g2. 



Figure 3. Some rational characteristic functions of rectangle and tetrahedron. 



Let rj : J-{Q) — )• Z" be a rational characteristic function of Q. Let -F be a face of Q of 
codimension I with < £ < n. Since Q is a simple polytope, F is the intersection of a 
unique collection of I many facets Fi^ , Fi^, . . . ,Fi^ of Q. Let Tp be the torus subgroup of 
T" corresponding to the submodule generated by rji-^ , rji^ , . . . , r]i^ in Z". We assume Tq = 1 
and Ty. = T"' for each vertex Vi of Q. We define an equivalence relation ~f, on the product 
T"- xQ as follows: 



(3.1) 



(t, x) ~f, {u, y) if and only \i x = y and tu G Tp 



where F d Q is the unique face containing x in its relative interior. We denote the 
quotient space (T" x Q)/ ~j by X(Q, 77) and the equivalence class of (i, x) by [t, x\"*' . The 
space X{Q,rj) is a manifold if and only if the set of vectors {r7(Fj^), . . . ,r]{Fi^)} form a 
basis of Z"' whenever Fi-^ n • • • n Fi^ is a vertex of Q. In this case, the space X{Q,rf) is 
called a quasitoric manifold which was introduced by M. Davis and T. Januszkiewicz in 



8 S. SARKAR AND D. Y. SUH 

|DJ91j . The space X{Q,r]) is a quasitoric orbifold if the rank of the submodule generated 
by {r]{Fij^), . . . , r](Fi^)} is n whenever F,^ n ■ ■ ■ fl Fj„ is a vertex of Q, see the Section 2 in 
|PS10j . Let vr : X{Q,r]) — > Q be the projection map defined by 7r([t, x]~'') = x. 

We can construct T"-manifold with boundary from the orbifold X{Q,r]) as follows. Cut 
off a neighborhood of each vertex Vi,i = 1,2, ... ,k of the simple polytope Q by an affine 
hyperplane Hi,i = 1,2,. . . ,k in R" such that Hi D Hj f] Q are empty sets for i ^ j. 
We call this operation the vertex cut of Q. Then the remaining subset of the convex 
polytope Q is an n-dimensional simple convex polytope, denoted by Qv- Then the facet 
Ay~ := QnHi{= Qyr\Hi) oiQv is an (n — l)-dimensional simplex for each i = 1,2, . . . ,k. 
We restrict the equivalence relation ~b in (j3.ip to T" x Qy, and consider the quotient space 



(3.2) W{Qv, v) = (T" X Qv)/ ~fe C X{Q, ??). 

The natural action of T" on W{Qv,r]) is induced by the group operation in T". 

Lemma 3.3. Let tj be a rational characteristic function of a simple polytope Q, and let Qy 
be the vertex cut of Q. Then W{Qv, rj) in (3. 2\) is an oriented 2n- dimensional T"^ -manifold 
with boundary, whose boundary is a disjoint union of {2n — 1)- dimensional generalized lens 
spaces. 

Proof. For any [t,x]'^'' G W{Qv,il) '^^ show that [t, x]~'' has a neighborhood which is 
homeomorphic to an open subset of M^""^ x ]R>o. If x belongs to the interior of Qv, there 
is a neighborhood Ux of x in Qy which is homeomorphic to an n-dimensional open ball in 
M". Clearly, 7r-i(C4) = T" x U^/ ~fe= T" x C4- So the claim is true in this case. 

Let X belong to the relative interior of a codimension £ > face F of Qv where F is 
not a face of Ay~ for j = 1, . . . ,k. So there is a neighborhood Ux in Qv of x which is 

diffeomorphic to M""^ x M^g. The facets of M""^ x M^q are {R""^ xHj \ j = 1, . . . ,i} where 
Hj is the facet of R>q with j-th coordinate zero. Let F = Fi-^ n • • • n Fj^ be the unique 
intersection of I many facets of Qv- By Definition 13. H the submodule Z(F) generated 
by {rj{Fi^), ■ ■ ■ ,rj{Fi^)} is a direct summand of Z" of rank L So {rji^, • • • ,ryj;} is a basis 
of Z(F) and Z" ^ Z""^ Z(F). This direct sum decomposition gives T" ^ T""^ x Tp. 
Suppose the diffeomorphism <f>: Ux ^ R"~^ x R>q sends Fi, D Ux to R"~^ x Hj for all 
j = 1,2, ... ,k. Define a rational characteristic function r]x on the set of all facets of 
R""' X R>Q by 77j;(R"'~^ x Hj) = rn- for aU j = l,2,...,i. We define an equivalence 
relation ~a; on T" x R""^ x R>q as follows. 

(3.3) (t,yi,zi) r^x {u,y2,Z2) if and only if {yi,zi) = (?/2,Z2) and tu~^ e Tp/. 

where F' is the unique face of R"" x R>q containing {yi, zi) in its relative interior. So for 
each y € R"~^ the restriction of 7]x on {{y} x Hj \ j = 1,2, . . . ,f\ defines a characteristic 
function on the set of facets of {y x R>o}; see |DJ91j . Prom the constructive definition of 
quasitoric manifold given in |DJ91j it is clear that the quotient space {y} x {Tp x R>o)/ ~a; 
is homeomorphic to {y} x R . Hence the quotient space 

(T" X R"-^ X R|o)/ ~x = T"-^ X R"-^ X [Tp x Rio)/ ~x = T""^ x R""^ x R^^ 

Since the maps vr : (T" x Ux) -^ (T" x Ux)/ ~b and vr^ : (T" x R""^ x R^q) ^ (T" x 
R"~ X R>o)/ ^x are quotient maps and ^ is a diffeomorphism, the following commutative 
diagram ensure that the lower horizontal map (j)x is a homeomorphism. 



(T" X Ux) ^^ (T" X R"-^ X Rio) 



(3.4) 



Ta: 



(T" X C/^)/ ~fc -^^ (T" X R"-^ X Rio)/ ~^ — ^-> T" 
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Let X belongs to the relative interior of a face F of Qy where F C Ay~ for some 
j G {1, . . . , k}. Since Qy is a simple polytope in R", there exists a collar neighborhood 
Ux of Ay'^^ in Qv- So there is a diffeomorphism fj : Ux — ^ Ay""*^ x [0,1). Let Vj = 

Fj, n • • • n Fj„. So the facets of A^"^ are A^"^ n Fj^, . . . , A^"^ n Fj„. The restriction of 
the rational characteristic function rj on the facets of A^~ is given by ^j{lS^ n Fj^) = 
r]j^ for ^ = l,...,n. By definition of r/, we can see that ^j is a hyper characteristic 
function on Ay~ . So from Proposition 12.31 the quotient (T" x Ay~ )/ ~ is a (2n — 1)- 



dimensional generalized lens space, where ~ is the equivalence relation defined in (j2.ip . 
Prom the equivalence relation ~f, in (j3.ip . it is clear that fj induces a homeomorphism 
/ij : (T" X [/^.)/ ~b^ ((^" X Ay~^)/ ~) X [0, 1). So the claim is true for this case also. 

From the above discussion, we get VF(Qy,f?) = U^gQ ^(-^" ^ ^x)/ ^- Hence W{Qv,il) 
is a manifold with boundary where the boundary is the disjoint union of generalized lens 
spaces {L(A^~ ,^j) : j = 1, . . . , k}. Clearly orientations of T" and Q induce an orientation 
of W{Qv,il)- We consider the standard orientation of T" and the orientation of Q induced 
from the ambient space M". D 

Remark 3.4. If a vertex Vj = Fj-^ n • • • n Fj^ of Q such that the set of vectors {r/(Fjj ), . . . , 
i]{Fj^)} form a basis of Z", then (T" x Ay~ )/ ~ is (5-equivariantly homeomorphic to S'^^~^ 
with the standard T" action for some automorphism 5 of T". 

4. Torus cobordism of L{p; gi, . . . , g„) 

In this section we discuss the r"'"'"^-equivariant cobordism of lens spaces L{p; qi, . . . , q^)- 
We recall the definition of T -equivariant cobordism for T -manifolds where A; is a positive 
integer. 

Definition 4.1. Two same dimensional oriented closed smooth manifolds Mi and M^ with 
effective T'^-actions are said to be T^-equivariantly cobordant if there exists an oriented 
T^ manifold W with boundary dW such that dW is equivariantly diffeomorphic to Mi U 
(— M2) under an orientation preserving diffeomorphism. Here —M2 represents the reverse 
orientation of M2. When a T'^-manifold M is the boundary of an oriented T'^-manifold 
with boundary, M is called T''- equivariantly null cobordant. 

Prom the definition of the manifold L(A",^) it is clear that T""^^-action depends on 
the characteristic function ^. We denote the equivariant cobordism class of L{p; qi, . . . , qn) 
by [L{p; qi, . . . , qn)]s where 6 represents the action. We discuss the equivariant cobordism 
of 3-dimensional, 5-dimensional, and higher dimensional lens spaces speperately in the 
following subsections. Given ao, . . . , flfc G Z, we denote greatest common divisor of them 
by gcd{ao,...,afc}. 

4.1. Cobordism of L{p,q), that is when n = 1. In this case A^ is an 1-dimensional 
simplex, that is the closed interval [0,1]. Define ^ : {{0},{1}} -^ T? by ^({0}) = (1,0) 
and .^({l}) = {—q,p) where gcd{q,p} = 1 with < |g| < p. Prom the Section 2 of |OR70j 
we get that the space L(A^, ^) is the lens space L{p, q) with the natural T^ action coming 
from the group operation on the first factor of T^ x A^. 

Lemma 4.2. Let {a,b),{c,d) G Z^ such that | det{(a, 6), (c, (i)}| = r > 1 and gcd{a,b} = 
1 = gcd{c, d} . Then there exists (e, /) G Z^ such that | det{(a, 6), (e, /)}| = 1, gcd{e, /} 
= 1 and I det{(c, d), (e, /)}| < r. 

Proof. Pirst we prove when (a, 6) = (1,0). Then | det[(l, 0), (c, d)]| = r = \d\. Since c,d 
are relatively prime and r > 1, d ^ 0, ±1 and either c > d or d > c. Let c> 0,d > and 
d. Then r is the area of the parallelogram P in M^ with vertices Vi = (0, 0), V2 = (1, 0), 
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V3 = {c + 1, d) and V^ = (c, d). Clearly the length of {y = 1} n P is 1. So {y = 1} n P n Z^ 
is nonempty. It may contains only one point {u, 1), since c,d are relatively primes and the 
intersection {y = l}n{cy = dxjnZ^ is empty. From the elementary geometry we get that 
the area | det{(c, d), {u, 1)}| = |c — du\ of the parallelogram Pi with vertices (0,0), {u, 1), 
{c + u,d + 1) and (c, d) is less than r. Also | det{(l, 0), (n, 1)}| = 1 and u, 1 are relatively 
primes. For other possible value of c, d, we can prove similarly. 

We now prove the case when a, b are arbitrary relatively prime integers. Since a, b are 
relatively prime, there exists {x,y) G Z^ such that det{(a, 6), {x,y)} = 1. So there exists 
A € SL{2,Z) with A{a,b) = (1,0) and A{x,y) = (0,1). Note that if gcd{c,d} = 1 then 
gcd{(aiic + ai2(i), {a2ic + a22d)} = 1 for any (ajj) G SL{2,Z). Using this and the previous 
arguments we can prove the lemma for general case. D 

Lemma 4.3. Let p, q be two relatively prime integers and < q < p. Then there exists 
a sequence of pairs {qi,Pi), ■ ■ ■ ,{qk,Pk) where \det{{qi,Pi),{qi+i,Pi+i)}\ = 1 for all i = 
l,...,k-l and {qi,pi) = {l,0),{qk,Pk) = {q,p)- 

Proof. The proof is the successive application of Lemma 14.21 D 

Corollary 4.4. Any lens space L{p\q) is T'^-equivariantly oriented boundary. 



Proof. Without loss of generality, we may assume that ^ < q < p. So by Lemma 14. 3^ 
there exists {qi,pi), . . . ,{qk,Pk) e ^^ where | det{(gj,pj), (gj+i,pj+i)}| = 1 for all i = 
1, . . . ,k — 1 and {qi,Pi) = (1,0), {qk,Pk) = {—Q,p)- Consider the (A: + l)-gon Q^ with 
vertices Vi, . . . ,Vk+i. So the edges are V1V2, ■ ■ ■ ,VkVk+i,Vk+iVi. Define a function i] : 
{ViVi+i I i = 1, . . . , A;} — )■ Z^ by r]{ViVi+i) = {qi,Pi) ior i = I, . . . ,k. Let Tp be the circle 
subgroup of T^ determined by r]{ViVi+i) if P = ViVi+i and Tp = PMf P = {Vi} for 
i = 2, . . . ,k. We define an equivalence relation ^b on the product T^ x Q by 

(4.1) (t, x) ~b (s, y) \i X = y and ts~ € Tp 

where P 7^ ViV^+i is the unique face containing x in its relative interior. We denote the 
quotient space (T^ x Q'^)/ ~fe by W{Q'^,ri). The space W{Q'^.,ri) is an oriented manifold 
with boundary and the boundary is (T^ x ViVk+i)/ ^b which is equivariantly diffeomorphic 
to L(p; q). n 

4.2. Cobordism of L(p; 51,^2)? that is when n = 2. Consider a 2-simplex A^ with 
vertices t;o,fi,f2 and edges /o = V1V2, fi = vqV2 and /2 = vqVi. Let p,qi and q2 be 
integers with ^ < qi < q2 < P such that gcd{p,qi} = 1 for i = 1,2. Then the function 
i : P(A2) ^ I? defined by ^(/o) = {-qi,-q2,p), Hfi) = (1,0,0) and ^(72) = (0,1,0) is 
a hyper characteristic function of A^ (see Figure [U (6)) and the manifold L(A^,^) is the 
lens space L{p;qi,q2), see Section [2j 

Consider a 3-simplex A^ with vertices {Vq, Vi, V2, V3} and facets {Fi = Vq . . .Vi . . . V3} 
opposite to the vertex Vi for i = 0,1,2,3. We want to extend the hyper characteristic 
function ^ of A^ to a rational characteristic function t] : P(A'^) — > Z^ of A^ = V0F1V2V3 
such that r?(Po) = ^(/o) = {-qi,-q2,p), r?(Pi) = ^(/i) = (1,0,0) and r;(P2) = ^12) = 
(0,1,0). Namely, we have to define ^^(Pa) = {a,b,c) G Z^ so that {r]{Fi),r]{Fj)} forms a 
part of basis of Z'^ for any i,j = 0, 1, 2, 3 with i ^ j. It is elementary to check that such 
defined rj is a rational characteristic function of A^ if and only if 

(4.2) gcd{a, c} = 1, gcd{6, c} = 1 and gcd{bp + q2C, -{ap + qic),bqi - aq2} = 1. 

In the following theorem, we would like to choose a,b ^ {0,-1} and c = 1 in order to 
make the following discussion simple. Namely, if {a,b,c) = (0,0, 1), then the equation 14.21 
is equivalent to gcd{gi, (72} = 1- If (a, b, c) = (0, —1, 1), then the equation 14.21 is equivalent 
to gcd{qi,p — 52} = 1- If {0'-,b,c) = (—1,0,1), then the equation 14.21 is equivalent to 
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gcd{p — qi,q2} = 1- If {a,b,c) = ( — 1,-1,1), then the equation 14.21 is equivalent to 
gcd{p — qi,p — 92} = 1- From the above observation, we raise the following question. 

Question 4.5. Let £(3) = {{qi,q2,p) £ ^^ : gc,d{p,qi} = gcd{p, 52} = 1 and < qi < 
92 < p}- Suppose {qi,q2,p) G >C(3). Do one of the following condition hold? 

(1) gcd{qi,q2} = 1, 

(2) gcd{p-qi,q2} = I, 

(3) gcd{qi,p - 52} = 1 and 

(4) gcd{p-qi,p-q2} = 1. 

Remark 4.6. The Question 14.51 is true if gi is relatively prime to 52- Let {qi,q2,p) G ^(3) 
with 52 = qiki for some fei € Z. Since p is relatively prime to qi, p — q2 is relatively prime 
to qi. Hence condition (3) holds in Question 14.51 Note that if for iqi,q2,p) £ jC(3) one of 
the conditions in Question 14.51 holds then the corresponding hyper characteristic function 
of A^ can be extend to a rational characteristic function of A^. 

Let A{n) = {{qi,q2,p) G ^(3) : n = qi + q2 + p}- It is checked that Question 14.51 is 
true if {qi,q2,p) £ A{n) for all < n < 50. Let OT := max{n G Z : for any {qi,q2,p) G 
A{k) Question 14.51 is true for all k < n}. 

Theorem 4.7. The lens space L{p;qi,q2) is T^ -equivariantly the boundary of an oriented 
manifold if (qi, q2,p) S A{n) for n < 91. 

Proof. Let A^ be a 3-simplex with vertices {Vq, Vi, V2, V3}. Let Fi be the facet of A^ 
opposite to the vertex Vi for i = 0,1,2,3. From the definition of A{n), we can choose 
{a,b,c) = (ei,e2,l) with €1,62 € {0,-1} such that the function rj : T{A^) — )• Z'^ defined 
by r?(Fo) = i-qi,-q2,p), r?(Fi) = (1,0,0), rj{F2) = (0,1,0) and 77(^3) = (ei,e2,l) is 
a rational characteristic function of A'^. By Lemma 13.31 we get an oriented T^-manifold 
W{Ay, T]) with boundary. The boundaries of W(Ay, r/) are the lens spaces (T^ x A^, )/ ~fe 
for i = 0, 1, 2, 3 where ~b is the equivalence relation in ()3.1I) . The simple polytope Ay and 
the rational characteristic function 77 is given in the Figure HI 



1,0,0) 




(^1,^2,1) 



Figure 4. Vertex cut A^ of A^. 



Let A^^ = 
Vj, where K, 



VigVi-^^Vi^ be the facet of Ay obtained from the vertex cut of A at the vertex 



A?^ n Ffc n F; with {i,j, k, 1} 



'V, 



{0,1,2,3}. Let C ■■ -7='(A 



-> I? be the 
{0,1,2,3}. 



hyper characteristic function defined by CiVi-Vi^) = r]{Fi) where {i,j,k,l} 

When i = 0, because Im(^'^) = {ry(Fi), ry(F2), //(Fa)} is a basis of Z^, the boundary com- 
ponent L{Ay ,^^) = (T^ X Ay )/ ~fe of Ty(Ay,r7) is weakly-equivariantly diffeomorphic 
to the sphere S^, which is a T'^-equivariant boundary. 
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When i = 1, Imi^) = {T]{Fo),rj{F2),v{F3)} and clearly | det[77(Fo), 77(^3), 77(^3)] | = 
\eip + qi\ < p. Consider the automorphism of T^ determined by 

(1, 0, 0) ^ (0, 0, 1), (0, 1,0) ^ (0, 1, 0) and (ei, £3, 1) ^ (1, 0, 0). 

So, {-qi,-q2,p) -^ {V,-Q.2 -e2P,-qi - eip)- Let p = qi^ mod (|eip + gi|) where qi^ = qi 
if ei = —1 and < gi^ < qi if ei = 0. Let e2P + Q2 = qi2 ™od (|eip + qi\) where qi^ = 52 
if (ei,e2) = (-1,0), gi2 = q2- qi if (ei,e2) = (-1,-1) and < qi^ < qi if ei = 0. Hence 
the boundary component L{Ay^,^^) = (T^ x Ay^)/ '-^b of W{Ay,r]) is (5i-equivariantly 
diffeomorphic to the lens space L{\eip + (?i|; (/iijC/ij) for some automorphism 5i of T^. 
Clearly, < |gij < {qi^l < \€ip + qi\, gcdjeip + gi,gij = 1 = gcd{|eip + q'l, o'lj and 
{\qii\,\qi2\,\^iP + 'li\) e ^(^1) where ki = qu\ + Iqi^l + kiP + ^il <qi+q2+P <^- 

When i = 2, Im(^2) ^ {r,(Fo),7?(Fi),7?(F3)} and | det[??(Fo),r/(i"i), ^(i^s)]! = \e2P + q2\ < 
p. Similarly to the previous case we can show that the boundary component L^Ay , ^^) = 
(T^ X Ay^)/ ~fe of W{Ay,i]) is (52-equivariantly diffeomorphic to the lens space L{\e2P + 
<l2\',q2i,q22) for some integers 521,922 with < |g2il < |'?22l < \(^2P + q2\- Here e2P + q2 
is relatively prime to both (721 and 522, and (|'72i |, I922I, k2P + (721) G M{k2) with /c2 = 
k2il + 1^22 I + |e2P + 52| < ^• 

When i = 3, Im(^3) ^ {77(Fo),7?(Fi), ?7(F2)} and | det[r/(Fo), 77(^1), 7?(F2)]| = p. Hence 
the boundary component L{Ay ,^^) = (T^ x A|^^)/ ~t of M^(Ay,77) is the lens space 
L{p, (7i, (72) with the natural action J3 of T^. 

From the above discussion we get that the T^-equivariant cobordism class [L(p; gi, q2)]5-j, 
ofL{p;qi,q2) is equal to [L{\e2P + q2\]q2i,q22)]52 + [L{\(^iP + Qi\;<lii,<li2)]5i where (5i's are the 
corresponding actions of T^ on the respective lens spaces and < \eip + qi\, |e2P + (72 1 < P- 
So continuing the previous technique, we can show that [L{p;qi,q2)]s3 is zero. Actually, 
we can construct an oriented T^-manifold with boundary where the boundary is the lens 
space L(p; qi, (72) by gluing the successive corresponding boundaries via equivariant maps. 
D 

Corollary 4.8. The lens space L{p; gi, 52) is T^ -equivariantly the boundary of an oriented 
manifold if two integers qi and (72 ore relatively prime. 

Proof. Since qi and 52 are relatively prime, the condition (1) in Question l4.5l holds. We may 
assume < qi < q2 < p. (Here the equality qi = (72 holds when they are equal to 1.) In this 
case we consider (ei,e2,l) = (0,0,1). Let p = qii{ mod qi) with < gi^ < gi, (72 = qui 
mod gi) with < gi2 < gi- Then the boundary component (T^ x Ay )/ ~b of W{Ay,^) 
is (5i-equivariantly diffeomorphic to the the lens space L{qi;p, 52) = -^(gi; gii , gi2) for some 
automorphism 5i of T"+^. Similarly let p = q2i{ mod g2) with < g2i < g2- Then 
the boundary component (T^ x A'y )/ ~h is (52-equivariantly diffeomorphic to the the 
lens space L{q2;q2i,qi) and the boundary component (T^ x Ay)/ ~fe is (53-equivariantly 
diffeomorphic to the lens space L{p; gi, g2) for some automorphisms 82 and ^3 of 7""+^. Note 
that gcd{gi,gij = 1 = gcd{gi,gi2} and gcd{g2,g2i} = 1 = gcd{g2,gi} with < gii,gi2 < 

pand0<gi,g2i < q2 < P- So [L{p-qi,q2)]ss = [L{qi;qi^,qi^)]sj + [L{q2;q2j,qi)]52- Then 
applying the similar process inductively to get the corollary. D 

Corollary 4.9. The lens space L(p;gi,g2) is T^-equivariantly the boundary of an oriented 
manifold if g2 = kqi, gi + g2 + p > 91 and p + qi < ^. 

Proof. Since (gi,g2,p) = {qi,qik,p) G /^(3), the condition (2) in Question 14.51 holds. So we 
consider (ei,e2, 1) = (0, —1, 1) in Theorem 14.71 We may assume < gi < g2 < p. Let p = 
gi^( mod p) with < gij < gi. Hence the boundary components (T^ x Ay^)/ ~b, (T^ x 
Ay^)/ ~b and [T^ x Ay)/ ~6 of W{Ay,^) are 61-, 62- and 53-equivariantly diffeomorphic 
to the lens spaces L{qi;p,p- q2) = L(gi; gii,p- g2), L{p-q2\p,qi) = L{p - q2]q2,qi) and 
L{p;qi,q2) for some automorphisms 61, 62 and 63 of T^ respectively. So [L{p;qi,q2)]5^ = 
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[L{qi;qi^,p-q2)]5i + [L{p-q2;q2,qi)]52- Observe that qi + qu+p-q2 < qi+qi+p-qi = 
p + qi < 9T and qi+ q2+p — Q2 = P + Qi < 9T- Then applying the Theorem 14.71 we get the 
coroUary. D 

4.3. Cobordism of L{p; qi, . . . , q^) when n > 2. Let A" be an n-simplex with vertices 
{Vq,Vi, . . . ,Vn}, and let Fi be the facet which does not contain the vertex Ai for i = 
0, . . . ,n. Let {ei \ i = 1, . . . ,n + 1} be the standard basis of Z""*"^. Define a function 
^■.{Fi\i = 0,...,n}^ Z"+i by ^(i^o) = {-Qi, • • • , -qn,p) and C{Fi) = a for i = 1, . . . ,n 
where p is relatively prime to each qi for i = l,...,n with < qi < ■ ■ ■ < qn < P- 
From Section El we get L(A",^) = L{p-qi,...,qn). Let C{n) = {{qi, ■ ■ ■ ,qn,p) G 2"+^ : 
p is relatively prime to qi, . . . , qn-i and g„ with < qi < ■ ■ ■ < qn < p}- 

Question 4.10. Suppose {qi, q2, ■ ■ ■ , qn,p) S C{n). Do there exist (ei, . . . , e^) G {0, — l}" 
such that each of the following equations has an integral solution in 1? , 

(1) xx{e2P^q2) -yi(eiP + gi) + ^i(eig'2 -£2^1) = 1, 

(2) X2{ezp + qz) - y2{t\P + q\) + ^2(eig3 - £3^1) = 1; 

(3) X3(e4P + Q4) - ysleiP + gi) + ^3(eig3 - £3^1) = 1, 

(4) ... 

(5) Xfe(e„p + qn) - yk{en-iP + ^n-l) + Zk{en-iqn - enQn-i) = 1- 
where k = n{n + l)/2. 

Remark 4.11. Question 14. 101 is true if qi is relatively prime to qj for i 7^ j and qi = qiki 
for some ki & "Z for all/ = 1, . . . , n. 

Let Tl{m) = {(gi, q2, ■ ■ ■ ,Qn,p) € ^("-) | m, = gi + 52 + ■ ■ ■ + g'n+p}- Let Tl = max{m G 
Z I for any (gi, . . . , 92, p) G ^(fc) Question 14. 101 is true for all k < m}. 

Theorem 4.12. The lens space L{jp; qi, . . . , qn) is T'^'^^ -equivariantly the boundary of an 
oriented manifold if {qi, . . . ,qn,p) € 9H(m,) with in < 9Jt. 

Proof. Let A""*"^ be the (n+l)-dimensional simplex with vertices Vo,Vi, ..., Vn+i and facets 
Fq, . . . , Fn+i where Fi does not contain the vertex Vi ioi i = 0, . . . , n+1. Let {ei, . . . , e„+i} 
be the standard basis of Z*^"*"^. Let (ei, . . . , e„) G Zg such that equations in Question 14. 101 
have integral solutions. We define a function r/ : {Fq, . . . , -Fn+i} -^ Z"+^ by 

??(Fo) = {-qi, . . . ,-qn,p),r]{Fn+i) = (ei, . . . , e„, 1) and r/(Fi) = e^ for z = 1, . . . ,n. 

Since p is relatively prime to each q^ for i = 1, . . . , n, r/ is an rational characteristic function 
of A""*"^. Hence by Lemma 13.31 W{A'^ ,77) is an oriented T^+^-manifold with boundary 
where the boundaries are the generalized lens spaces (T""*"^ x A^. )/ --^i, for i = 0,1, . . . , n+1. 
Clearly the facets of Ay, are {Ay, n -Fj '■ j ^ i and j G 0, . . . , ?i + 1}. The restriction of r/ 
on the facets of A^, is given by 

f (A^^ n F,) = 77(F,) j / i and J G 0, . . . , n + 1. 

So ^* is a hyper characteristic function of A^. and (T"+^ x A'^,)/ ~fe= L(Ay, ,^*). Simi- 
larly as in the proof of Theorem 14.71 we can show that F(Ay , ^"'^^) — L{p; qi, . . . , qn), 
L{Ay ,S,^) = 5^""*"^ and L(Ay, ,^*) is (5j-equivariantly diffeomorphic to the lens spaces 
L{\eip — qi\;q\, . . . , q\) for i = 1, . . . , n where < jg'^l < • • • < |g^| < \eip — qi\ < p with 
l^il + ■ ■ ■ + kni + \^iP ~ Qi\ < 3JI. Continuing this process, we can show L{p; qi, . . . , qn) is 
r"+^-equivariantly boundary of an oriented manifold. D 

Corollary 4.13. The lens space L{p;qi, . . . ,qn) is equivariantly the boundary of an ori- 
ented manifold if any two integers of {qi, . . . , qn} are relatively prime. 
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Proof. Since any two integers of {qi, . . . ,qn,p} are relatively prime, the equations in Ques- 
tion 14.101 have integral solutions when (ei, . . . , e^) = (0, . . . , 0). We may assume that 
< qi < ... < qn < p for all i = l,...,n. We consider r]{Fn+i) = (ei, . . . , e„, 1) 
= (0,...,0,1). Hence we can show that L(A^^^^^,^"+i) ^ L(p; gi, . . . ,g„), L(A^^,^°) ^ 
Q2n+i ^^^ L{l\y,,^'^) is (5j-equivariantly diffeomorphic to L{qi;q\, . . . ,ql^) for i = 1, . . . ,n 
where ^ < q\ = qj — kjqi < q^ if j ^ i and < ql = p — kiqi < qi for some < kj £ TL. 
Observe that any two integers of {(?i, • • • ,5n)9«} ^"^^ relatively prime with qi < p for 
i = 1, . . . , n. Continuing this process, we can show L{p; qi, . . . , qn) is T^+^-equivariantly 
boundary of an oriented manifold. El 

Remark 4.14. The oriented cobordism class of L{p;qi, . . . , qn) is zero, since all the Stiefel- 
Whitney numbers of it are zero. 
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